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Chapter 3.3

Rules for Differentiation

Objectives

¢ Use the rules of differentiation.

* Find second and higher order derivatives.

* Use the derivative to calculate the
instantaneous rate of change.

Learning Target

* 80% of the students will be able to find the
derivative the function f(x) = 2x3 — 5x.




Standard

G-C4 Construct a tangent line from a point
outside a given circle to the circle.

11/4/2016

Overview

* Positive Integer Powers

* Multiples, Sums, and Differences

* Products and Quotients

* Negative Integer Powers of X

* Second and Higher Order Derivatives

Derivative of a Constant

fx)=c Cis a constant.
0 = g LD =1

. c—c

= im

=0

The derivative of a constant is 0.




Derivative of a Constant

f) =2

F0=0
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Derivative of an Integer Power
f(x) =x
f@)=k%

— i x+h—x
B

flx+h) —f(x)
h

Derivative of an Integer Power

f=1

f)=x 3




Derivative of an Integer Power

fx) =x?

f'x) = lim

flx+h)—f(x)

h

- (x+ h)? —«x?
= lim

h—0 h

. x%+2hx + h% —x?
= lim

h—-0 h
i 2 ey =2
g Bl AR
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Derivative of an Integer Power

fx) =22

f'(x) =2x

Derivative of an Integer Power

fx) =x3
f'x)= ’lllgg)
(x +h)3 —x3
h—% h
x3 + 3hx? + 3h%x + h3 — x3
h—-0 h
3hx? + 3h%x + h3
hl—% h
= ;lig%(3x2 + 3hx + h?) = 3x2

fGe+h) - fx)
h




Derivative of an Integer Power

f(x) =322

) =x
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Derivative of an Integer Power

fl) =x*
s fe+h) = f()
pi = =L
o (x+h)r—xt
= lim ————
h-0 h
o x*+ 4hx3® + 6h%x?% + 3h3x + h* — x*
= lim
h—0 h
. 4hx® + 6h%x?% + 4h3x + h*
m
h—0 h
= ;!irr(l)(4x3 + 6hx? + 4h%x + h®) = 4x3

Derivative of an Integer Power

f) =x*

f(x) =4x3




Derivative of an Integer Power

flx) =x" nis a positive integer.
ven o fle+h) = fx)
f100 = lim—————
-1 (x+h)"—x"
=il h
XM nhx™l 4 — g
= lim
h—0 h
i nhx™ 1 +...
=i h

=lim(nx™ 1 +.) = nx™ 1t
h—-0
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Derivative of an Integer Power

The derivative of a power function
is

i ny — n—1
- (") =nx"",

where n is a positive integer.

Derivative of a Constant Multiplier

flx) is a differentiable function at x.

d o fG+ ) —cf(x)
& @)= ———

 fle+h) —f)
=clim—
h—-0 h
=cf'(x)
The derivative of a function multiplied by a

constant is the constant times the derivative
of the function.




Derivative of a Sum or Difference

f(x)and g(x) are a differentiable functions at x.

fO+h) g0+ h) = (FO) + g(x))
h

d .
a(f(") +g(0) = lim

i [+ - f(X))] +lim [(gu +h) = g®)]
h h=0 h |

h—)Ol
=) tg'(x)

The derivative of sum or difference of two
functions is the sum or difference of the
derivatives of the functions.
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Example 1

. ﬂ _ 3 Z_E
Fmddx|fy—x + 6x 3x+16

dy d 3 d ) d (5 d
a—a(x)+a(6x)—a §x +a(16)
5
=3x2+6-2x—§+0
3x2+12 >
= 3x X —=
3
Exercise 1
. dy .
Flndalf
x3 2
y=?+—+x
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Example 2

Find the horizontal tangents of y = x* — 2x% + 2

dy

~Z -0

dx

d
d—z=4x3—4x=0
4x(x*2-1)=0
x=0-11

Example 2

w0
s
e \Z
B
2 as fioes ZEET
2
f(x) =4x® —4x 4

Exercise 2

Find the horizontal tangents of
y=x3-2x2+x+1




Example 3

Find the horizontal tangents of

y=02x*—0.7x3 — 2x%2 + 5x + 4

dy

2 =0

dx

d

Y 0.8x3—21x2—-4x+5=0
dx
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Example 3

10

8

fx) =0.2x*—0.7x3 —2x% + 5x + 4 \ /‘,;

4

f(x)=0.8x—2.1x2 —4x +5

Using a Graphing Calculator

Enter the derivative of the
function into the calculator.

POt Ptz Pots
SY1E, 8KT-2, 1K -4
“We=il et

2" CALC 2:zero

?zer‘o

fminimum

41 maximum

Stintersect zero
Gidysdx B35
FEIF Goodx

iz =0
Wy=
Ye=
Y=
Use the solver to find zeros: -ijl——
V=0
V=0




Using a Graphing Calculator

Enter the function into the calculator.

Flotd Flokz Flots
B B2, 15P-4r
WaB. 2K, 7-2K0
R
“hy=
whe=
“NE=

Use the calculator to calculate f(x).

Yz -1.862) Ye(.948) Yz (3.539)
-5.321 6.508 -3.088
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Exercise 3

Find the horizontal tangents of
y=x*—7x34+2x2+15

Derivative of a Product

Does

d d d

a(f(x) g(x)) = a(f(x)) 'a(g(x))
d d d
a(x2)=2x a(x)'a(x)=1'1

NO!
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Derivative of a Product

f(x) and g(x) are a differentiable functions at x.

fGe+m)glx+h) - f)gx)

d )
= (f@g@) = lim n

- lim f+hgx+h)+fx+h)gk) - fx +gx) - fDg(x)
h—0 h

i [E DG+ 1) —g(0) + g (G + W) — ()

h=0 h

glx + h})L —g() i

h —_
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Derivative of a Product

g(x+h) —gx) +

h) —
=llliLr(1]f(x+h)-T E%g(x).f(aw—)f(x)

h

L . glx+h) —g)
_llgr(‘)f(x+h) )lgr(l)—

h
h —
RN TR G
= f()-g'® + g@) - f' ()

ey = p9, 4
a(fg)—fdx+gdx

Derivative of a Product

The derivative of product of two functions is
the product of the first function and the
derivative of the second function added to
product of the second function and the
derivative of the first function.
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Example 4
Find f/'(x) if f(x) = (x? + 1)(x3 + 3)
fl(x) = ;—x((xz + D3 +3))
= (x%2+1)(3x23) + (x3+3)(2x)
=3x* 4+ 3x2 + 2x* + 6x

= 5x*+ 3x? + 6x
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Exercise 4

lety=(x—4)(x3-1)
a. Find f'(x) using the product rule

b. Find f'(x) by multiplying the factors and
then differentiating.

c. What if f(x) = x?sinx?

Derivative of a Quotient

f(x) and g(x) are a differentiable functions at x.

fGx+h) _ f()
i(f(ﬂ) Y ICEIDNIC)]

dx = h—0 h

g(x)

i 9GS+ 1) = FCgGe+ )
= hg(x + h)g(x)

= lim g@f(x+h) — g()f (x) — f)glx + 1) + g(x)f (x)

h—0 hg(x + h)g(x)
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Derivative of a Quotient
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<f)' =i g@f(x+h) —g()f(x) — f)glx +h) + g(x)f(x)
= lim
h>0 hg(x +h)g(x)

gl EER @ ) a6t =g
= 9G+ g
_90f' () — f()9')
g(x)? ,
r
([) _9f'—-fg
9 g2
Example 5
Differentiate . £ :%

X® — 15

= ‘

, (P +1)2x = (x% = 1)2x \ .
= 1) |

2x3 4+ 2x — 2x3 + 2x ,
- (2 + 1)?
4x
L

Use a Graphing Calculator

Flotd Plotz Plot: N
“waBlxE-1) (52418
NW2B Yy
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Exercise 5

Find the derivative of

f) =0 -0 +x5)7?
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Example 6

Lety = f(x)g(x). Findy'(2) if

f2)=3,f(2)=-492)=1and g'(2) =2

Use the Product Rule: y' = (fg)' = fg' +f'g
y®@ =f2)g'(2)+f(2)g(2)

=)@+ E=HM)
=2

Exercise 6

u and Vv are functions that are differentiable at
x =0,and u(0) =5, u'(0) = -3, v(0) = —1,
and v'(0) = 2. Find the following derivatives:

a. %(uv) a. %(E)
b. = (%) b. = (7v — 2u)
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Negative Integer Powers

Suppose N is a negative integer.

Letn = —m.
n — -m — 1
X =X = X_m
Ln-2(1)- g (=1 G
dx dx \x™ (x™)2
0—mx™m1 1 et -
= me =-m xm+1 =—mx =nx
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Negative Integer Powers
If n is a negative integer, then

d
ny — ,,n-1
Ix (x™) = nx

The power rule applies to all
integer powers.

Example 7

x?+3
2x
Find f'(x) at (1, 2).

fG) =

We could use the Quotient Rule, but the Power
Rule is easier.

1 3
fx) = 5X +§x_1
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Example 7
d(1 3 -
f’(x) =—x(§x+zx_1> fx) = 213
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y=-x+3

Exercise 7

Find a line tangent to

_x3+1
y= 2x
atx =1

Higher Order Derivatives

First derivative of y

ey =X
y = dx
» Second derivative of y
dy
oo @) ey
y dx dx dx?

* Third derivative of y

d2
. "no__ dy” _ d(m) _ day

dx dx  dx3
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Higher Order Derivatives
* nth Derivative

amty
dxn

d -
.y :Ey(n 1 =

Do not confuse the n'" derivative
of y (y™) with the n" power of y
(™).
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Example 8

Find the first four derivatives of y = x3 — 5x + 2

1. y'=3x?-5

2. y"=6x
3.y =6
4. y® =0

Exercise 8

Find the first four derivatives of
y=x*4+x3-2x*+x-5
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Example 9

An orange farmer currently has 200 trees
yielding an average of 15 bushels of oranges per
tree. She is expanding her farm at the rate of 15
trees per year. Improved husbandry is
improving her average yield by 1.2 bushels per
tree. What is the current (instantaneous) rate of
increase of her total annual production of
oranges?

11/4/2016

Example 9

Define the following functions:
T(x) = number of trees x years from now
Y(x) = yield per tree x years from now

Therefore, the total production in X years is,
P(x) =T(x)Y (%)
We know:

T(0) =200 Y(0) =15

T'(0) = 15 Y'(0)=12

Example 9

Using the Product Rule,

P'(x) =T)Y'(x) +Y(x)T'(x)
Atx =0,

P'(0) =T(0)Y'(0) +Y(0)T'(0)
Therefore,

P'(0) = (200)(1.2) + (15)(15)

P’(0) = 465 bushels per year
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Exercise 9

An apple farmer currently has 156 trees yielding
an average of 12 bushels of apples per tree. He
is expanding his farm at the rate of 13 trees per
year. Improved husbandry is improving his
average yield by 1.5 bushels per tree. What is
the current (instantaneous) rate of increase of
his total annual production of apples? Answer
in appropriate units of measure.
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Homework

P 124: 3-45, multiples of 3
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