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Chapter2.4

Rates of Change and Tangent Lines

Objectives

* Average Rates of Change

¢ Tangent to a Curve

* Slope of a Curve

* Normal to a Curve

* Speed Revisited

Learning Target

* 80% of the students will be able to write the
equation for the line tangent to the parabola
y = x2 at the point P(2,4).




Standard

G-C.4 Construct a tangent line from a point

outside a given circle to the circle.
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Overview

Apply directly the definition of the slope of a
curve in order to calculate slopes..

Find the equations of the tangent line and
normal line to a curve at a given point.

Find the average rate of change of a function.

Rate of Change

Mile post 282

Mile post 242

Elapsed time — 32 min
Average speed?

. 282 mi—-242mi _ 60 min
32min h
* 75 mph

Instantaneous speed?




Average Rate of Change

* Find the average rate of change of the
function f(x) = x3 — x over [1, 3].
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“f=0
« f(3) =24
L@@ 240
3-1 2
Exercise 1

Find the average rate of change of
fx) =+v4x +1
a. [0, 2]

b. [10, 12]

Average Slope

curve.
* Secant line

Slope of a line drawn through two points on a

. QCx2,y, ~

Ay =y2—y




Example 2

* Find the average rate of change of f(x) =Inx
over the given intervals.
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a. [1,4]
4
ln4—lr11_1nT_ln4~0462
4-1 3 3 7
b. [100, 103]
In103 —In 100 ln% In1.03
103-100 3 = 0.0099
Exercise 2

Find the average rate of change of the function
f(x) = 2 + cos x over the given intervals.

1. [0, ®]

2. [-m, @)

Rate of Change

* The average rate of change is the secant line
between two points on the curve.

* What if the two points come closer and closer
together?




Tangent Line

As the two points come closer and closer
together, the secant line comes closer and closer
to a line that is tangent to the curve.

1. Calculate the slope of the secant through the two
points.

2. Find the limiting value as the two points
approach each other.

3. The slope of the curve is the slope of the
tangent.
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Example 3

Find the slope of the parabola y = x? at the
point P(2,4).

Example 3

1. Find the slope of the secant line.
Ay (2+h)?—-4 4+4h+h*—4

AxT . h i =4th

2. Find the limitas h — 0.

}Lirrtl) 4+h=4

3. Find the equation of the line passing through
P(2,4) that has this slope.

y—4=4(x—-2)

y=4x—4
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Exercise 3

Find the slope of y = x? — 4x and an equation
of the tangent line at x = 1.

Slope of a Curve

To find the slope of a curve y = f(x) at the point

P(a,f(a)):

1. Calculate the slope of the secant line through P
and a point Q(a +h,f(a+ h)).

2. Try to find the limit as h = 0.

3. If the limit exists, it is the slope of the curve at P.

4. Define the tangent at Pas the line through P
with this slope.

The Slope of a Curve at P

The slope of the curve y = f(x) at the point
P(a, f(a)) is the number

o f@ath-f@
m=lim—————,
h—0 h

Provided the limit exists.

The tangent line to the curve at Pis the curve
through Pwith this slope.




Example 4

1
f(x)=;

a. Find the slope of the
curveatx = a.

b. Where does the slope
equal —1/,?

c. What happens to the
tangent to the curve at
the point (a, /) for
different values of a?
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Example 4 — Solution

a. Theslopeatx =ais

1 1
ORI THT

h—=0 h h-0
1 1 1]
h-0h la+h a
_ a—(a+h) — —h
"m0 hala+h) | o ha(a + h)
R S
) ala+h) a2

Example 4 — Solution

b. The slope will be — 1/, if

1_ 1
az~ 4
a’? =4
a=+2

The curve has the slope — 1/, at two points

2, 1/2) and (=2, - 1/2)-




Example 4 — Solution

c. Theslope, m = — %, is always negative.
1. Asa — 07 the slope approaches —o. The
tangent becomes increasingly steep.
2. Moreover, as a = 07 the slope approaches —co.

3. Asa — too the slope approaches 0. The tangent
becomes increasingly horizontal.
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Exercise 4
y =9 —x?

a. Find the slope of the curveatx = a

b. Describe what happens to the tangent at
X = a as a changes.

Difference Quotient

fla+h) —f(a)
h

y fla+h)—f(a)
im—————
h—0 h

Foundation of differential calculus




Normal to a Curve

The normal line to a curve at a point Pis the line
that is perpendicular to the tangent at that

point.
1. Find the slope of the tangent line at P.
1
2. m = ——.
+ m

3. y—fla)=m,(x—a)
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Example 5

Write an equation for the normal to the curve
fx)=4—x%atx=1.

1. Slope
C fA+h)-fQA1) . 4-(1+h)?*-3
lim = lim
h—0 h h—0 h
 4—-1-2h-h?-3
= lim
h—0 h
i —2h — h? 5
L -
Example 5

2. The slope of the ;

normal is,
1 1
mJ_ = ——=—
my 2

The normal to the curve

at (1,f(1) =(1,3)is, ;

1
y—3=§(x—1) ’




Exercise 5

Fory = x? — 4x find an equation of the normal
lineatx = 1. (Theslopeatx =1lism = —2.)
Then graph the curve, its tangent line, and its
normal line in a square window.
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Instantaneous Speed

* Position
cy=f@®)
* Average speed
.y _ fO-f©)
At t—0
* Instantaneous speed

« iy LI ©
h-0 h

Example 6

* Find the speed of a falling rock dropped from
restatt = 1. (Assume the rock was not
moving att = 0.)

o y = 16t>
L fa+n)-r(1) _ 16(1+m)*-16(1)2 _ 16+32h+16h*-16
h - h - h
32h + h*
= A =32+ 16h

+ lim(32 +h) = 32 ft/s

10



Exercise 6

The equation for free fall on the surface of
Jupiter is y = 11.44t% m with t in seconds.
Assume a rock is dropped from a height of
500 m above the surface. Find the speed of
therockatt = 2s.
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Homework

P 92: 1-33, odd

11



